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Abstract
Spectral triples over noncommutative principal Tn-bundles are studied, extending re-
cent results about the noncommutative geometry of principal U(1)-bundles. We relate the
noncommutative geometry of the total space of the bundle with the geometry of the base
space. Moreover, strong connections are used to build new Dirac operators. We discuss
as a particular case the commutative case, the noncommutative tori and theta deformed
manifolds.
1 Introduction
In [2, 1] B. Ammann and C. Ba¨r discussed the properties of the Riemannian spin geometry of
a smooth principal U(1)-bundle, relating, under suitable hypotheses, the spin structure and the
spinor Dirac operator on the total space of the bundle to the spin structure and the Dirac operator
on the base space. A noncommutative generalization of these results was proposed and developed
in [12, 13] by introducing a notion of projectability for U(1)-equivariant [19] real spectral triples
[7, 15] over a noncommutative principal U(1)-bundle and showing how it is possible to twist the
Dirac operator of a projectable spectral triple using a strong connection. Moreover, a notion
of compatibility between a connection and the Dirac operator on the total space of the bundle
was introduced. To the best of our knowledge, Dirac operators on principal bundles with higher
dimension structure groups have not been worked out yet. In this work we extend the study of
U(1)-bundles to the case of principal Tn-bundles (Tn = U(1)×n), working from the beginning
with spectral triples and on the noncommutative level. In particular we introduce certain twisted
Dirac operators, finding in this way a class of new Dirac operators. We discuss as a particular
case the commutative case, the noncommutative tori (with the noncommutative 3-torus, seen as
a principal T2-bundle over the circle, as an explicit example), and theta deformed manifolds.
2 Noncommutative principal Tn-bundles
In noncommutative geometry the algebra of functions (of certain regularity) over a topological
space is replaced by a suitable noncommutative algebra. In an analogue fashion, a Hopf algebra
H is usually considered as noncommutative counterpart of a group. Then a noncommutative
principal bundle should be a particular H-comodule algebra, supplemented by additional struc-
ture [4, 14, 16, 5, 11]; here we shall consider the recently elaborated notion of principal comodule
algebra [17, 6].
Definition 2.1. Let H be a Hopf algebra with invertible antipode S and counit ε. Then a right
H-comodule algebra A, with multiplication map m : A⊗A → A and coaction ∆R : A → A⊗H,
is called a principal H-comodule algebra if it admits a linear map ℓ : H → A⊗A such that:
(i) ℓ(1) = 1⊗ 1,
(ii) m ◦ ℓ = ε,
(iii) (ℓ⊗ id) ◦∆ = (id⊗∆R) ◦ ℓ,
(iv) (S ⊗ ℓ) ◦∆ = (σA⊗H ⊗ id) ◦ (∆R ⊗ id) ◦ ℓ,
where σA⊗H : A⊗H → H ⊗A is the switch σA⊗H(a⊗ h) = h⊗ a.
We shall understand a principal H-comodule algebra A as a quantum principal bundle over
the coinvariant subalgebra B := {a ∈ A | ∆R(a) = a ⊗ 1} of A, and often denote it simply by
the inclusion map B →֒ A. In particular one can prove that then A is a Hopf-Galois extension
[16] of B. This means that is the so-called canonical map TR : A⊗B A → A⊗H ,
TR(a⊗ b) = ab(0) ⊗ b(1)
is a bijection (here and later on we use Sweedler’s notation ∆R(a) = a(0) ⊗ a(1) ∈ A⊗H for the
right coaction of H on A).
Moreover, the map ℓ determines a strong connection form (for the universal calculus on A)
by setting:
ω : H → Ω1A, ω(h) = ℓ(h)− ε(h).
It will be adapted in section 4.1 to the case of the Dirac-operator induced differential calculus,
and represented as an operator on a Hilbert space.
In this paper H will be the Hopf algebra H(Tn) of the Lie group Tn = U(1)n. It is the
polynomial complex unital ∗-algebra generated by n commuting unitaries z1, . . . , zn, together
with the algebra maps ∆, S, ε (coproduct, antipode and counit) defined by:
∆(zi) = zi ⊗ zi, S(zi) = z
∗
i = z
−1
i , ε(zi) = 1.
We introduce the following notation: for k ∈ Zn we set zk =
n∏
i=1
zkii .
Consider now a principal comodule algebra A. Let
A =
⊕
k∈Zn
A(k)
be a direct sum decomposition into homogeneous subspaces of the coaction
a ∈ A(k) ⇔ ∆(a) = a⊗ zk.
This corresponds to the action of Tn and of its Lie algebra tn on A
δj(a) = kja, ∀a ∈ A
(k),
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where δ1, . . . , δn are the usual generators of tn.
Remark. Actually remaining on the level of (Hopf) algebras we would need here only an
action of some Hopf algebra U with a nondegenerate dual pairing with H . This is clearly fulfilled
in the case at hand by U given by the universal enveloping algebra of tn. In the following sections
we shall assume however that all the relevant structures discussed on the algebraic level extend
to suitable completions, e.g the coaction of H on A comes from the strongly continuous unitary
action of T n. One reason that we keep the coactions of H besides the actions of Tn is for the
property of their freenes on the topological (C∗-algebra) level, see [21, 3].
3 Spectral triples over quantum principal Tn-bundles
Consider now a real spectral triple [7, 15] (A,H, D, J, γ) over the algebra A (if the triple is odd
we set γ = id). We denote by π the representation of A on H, but we shall often omit it, writing
simply aξ for π(a)ξ. Recall that then the Dirac operator D has bounded commutators [D, a]
with any a ∈ A, and D−1 is a compact operator on the orthogonal complement of kernel of D.
The adjoint action of J maps A into its commutant and moreover the following commutation
relations between J , D and, in the even case, γ are satisfied
J2 = ǫ, JD = ǫ′DJ, Jγ = ǫ′′γJ,
depend on the so-called KR-dimension of the triple [7, 15],
KR−dim 0 2 4 6
ǫ + − − +
ǫ′ + + + +
ǫ′′ + − + −
KR− dim 1 3 5 7
ǫ + − − +
ǫ′ − + − +
. (3.1)
We shall require moreover that the first order condition is satisfied; that is, for any a, b ∈ A,
[[D, a], Jb∗J−1] = 0.
We recall here that the real structure J induces a right action of A on H, which commutes with
the ordinary representation of A: ξ · a = Ja∗J−1ξ, for ξ ∈ H, a ∈ A. This action can also be
seen as a left action (hence, a representation) of the opposite algebra A◦. Furthermore, the Dirac
operator D allows to represent differential 1-forms over A as (bounded) operators on H,
πD
(∑
adb
)
=
∑
a[D, b],
and the real structure J induces also a right action of differential forms: ξ · adb = JπD(adb)
∗J−1.
Moreover πD can be used to define a bimodule of differential forms over A. Indeed, we can set
Ω1D(A) =
{∑
a[D, b]
∣∣∣∣ a, b ∈ A}.
We shall assume that the noncommutative spin geometry on A associated to this spectral triple is
invariant with respect to the action of Tn. This can be translated into a condition of equivariance
of the spectral triple [19].
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Definition 3.1. A Tn-equivariant real spectral triple over the algebra A is a real spectral triple
(A,H, D, J, γ) (γ = id if the triple is odd) together with commuting selfadjoint operators δj :
H → H, for j = 1, . . . , n, with (common) domain of selfadjointness stable under the action of
A, which extend the operators δj : A → A,
δj(π(a)ψ) = π(δj(a))ψ + π(a)δj(ψ),
and such that
δjJ + Jδj = 0, [δj , γ] = 0, [δj , D] = 0.
Remark 3.2. We shall assume that the spectrum of each δj is equal to Z. The geometric meaning
of this assumption is that the action of Tn on the total space of the bundle lifts to an action and
not to a projective action on the spinor bundle.
Now, if (A,H, D, J, γ, {δj}) is a T
n-equivariant real spectral triple, the Hilbert space H splits
according to the spectrum of the operators δj ,
H =
⊕
k∈Zn
Hk,
and this decomposition is preserved by the Dirac operator D. Moreover, for any k, l ∈ Zn,
π(A(k))Hl ⊆ Hk+l. In particular H0 is stable under the action of the invariant subalgebra
B = AcoH = A(0).
Now we can introduce a notion of projectability for Tn-equivariant spectral triples. We have
to treat separately the odd dimensional and the even dimensional case. We begin with the former.
3.1 Projectable spectral triples: odd case
Definition 3.3. An odd Tn-equivariant real spectral triple (A,H, D, J, {δj}), of KR-dimension
n+m, is said to be projectable along the fibres if there exists a Z2 grading Γ on H, which satisfies
the following conditions,
Γ2 = 1, Γ∗ = Γ,
[Γ, π(a)] = 0 ∀a ∈ A,
[Γ, δj ] = 0 for j = 1, . . . , n,
JΓ =
{
ΓJ if m ≡ 0 (mod 4),
−ΓJ otherwise.
We define the horizontal Dirac operator Dh by:
Dh =

1
2
Γ[D,Γ]− for n odd
1
2
Γ[D,Γ]+ for n even
(3.2)
where [a, b]± = ab± ba.
Now we want to impose a condition corresponding to the constant length fibres condition
introduced in the n = 1 case [12]. We give the following definition:
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Definition 3.4. We say the bundle A to have isometric fibres if there exists an operator Dv :
H → H such that D = Dv +Dh + Z and:
(a) Dv|H0 = 0, where H0 is the common 0-eigenspace of the derivations δi;
(b) [Dv,Γ] = 0 if n is odd, [Dv,Γ]+ = 0 if n is even;
(c) [Dv, δi] = 0 for any i = 1, . . . , n;
(d) Z is a bounded operator;
(e) Z commutes with the elements from A;
(f) there exists a bounded selfadjoint operator Z ′ such that Ja∗J−1(Zψ) = Z ′(Ja∗J−1ψ) for any
a ∈ A and any ψ ∈ H.
Notice that condition (e) has the following consequence: the horizontal Dirac operator Dh
and the Dirac operator D determine the same first order differential calculus on B; that is,
[Dh, b] = [D, b] for any b ∈ B. Now we can prove the following results.
Proposition 3.5. Let (A,H, D, J, {δj},Γ) be an odd dimensional projectable spectral triple with
isometric fibres and let H0 be the common 0-eigenspace of the derivations δj. Then, if we denote
by D0 the restriction of Dh to H0, (B,H0, D0) is a (usually reducible) spectral triple.
Moreover, if we denote by J0 the restriction of J to H0, then J0 determines a right action of
B (or a left action of the opposite algebra B◦) on H0 by
hb = b◦h = J0b
∗J−10 h
for any b ∈ B, h ∈ H. This action fulfils the following properties:
(a) [b, J0c
∗J−10 ] = 0 for all b, c ∈ B; that is, J0 maps B into its commutant;
(b) [[D0, b], J0c
∗J−10 ] = 0 for all b, c ∈ B (first order condition).
Proof. Clearly Dh is a selfadjoint operator, and it has compact resolvent (see [12]). Also, B
preserves H0 since it is exactly the invariant subalgebra for the T
n-action. Thus (B,H0, D0) is a
spectral triple. We have to prove (a) and (b). (a) follows simply by the fact that J0 is nothing
else than J , and J maps A, and hence B, into its commutant. For what concerns (b), we recall
that the triple over A satisfies the first order condition; that is,
[[D, a], Jb∗J−1] = 0 ∀a, b ∈ A.
Using this fact we can see that:
[[D0, b], J0c
∗J−10 ] =
1
2
[[ΓDΓ, b]± [D, b], Jc∗J−1]
=
1
2
[Γ[D, b]Γ, Jc∗J−1] =
1
2
Γ[[D, b], Jc∗J−1]Γ = 0,
where we used also the fact that JΓ = −ΓJ , according to definition 3.3. So the first order
condition (b) is fulfilled.
Lemma 3.6. Let (A,H, D, J, {δj},Γ), (B, D0,H0) as above. Then, if we denote by γ0 the re-
striction of Γ to H0,
D0γ0 = −γ0D0 for n odd,
D0γ0 = γ0D0 for n even.
Proof. It follows by direct computation, using the definition of Dh.
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3.2 Projectable spectral triples: even case
Definition 3.7. An even dimensional Tn-equivariant real spectral triple (A,H, D, J, γ, {δj}), of
KR-dimension n+m, is said to be projectable along the fibres if there exists a Z2 grading Γ on
H which satisfies the following conditions,
Γ2 = 1, Γ∗ = Γ,
[Γ, π(a)] = 0 ∀a ∈ A,
[Γ, δj ] = 0 for j = 1, . . . , n,
JΓ = −ΓJ,
Γγ = (−1)nγΓ.
We define the horizontal Dirac operator Dh by:
Dh =

1
2
Γ[D,Γ]− for n odd
1
2
Γ[D,Γ]+ for n even
(3.3)
where [a, b]± = ab± ba.
Also in this case we can introduce the isometric fibres condition, see definition 3.4, and prove
the analogue of proposition 3.5:
Proposition 3.8. Let (A,H, D, J, γ, {δj},Γ) be an even dimensional projectable spectral triple
with isometric fibres and let H0 be the common 0-eigenspace of the derivations δj. Then, if we
denote by D0 the restriction of Dh to H0, (B,H0, D0) is a (usually reducible) spectral triple.
If we denote by J0 the restriction of J to H0, then J0 determines a right action of B (or a
left action of the opposite algebra B◦) on H0 by
hb = b◦h = J0b
∗J−10 h
for any b ∈ B, h ∈ H. And such an action fulfils the following properties:
(a) [b, J0c
∗J−10 ] = 0 for all b, c ∈ B; that is, J0 maps B into its commutant;
(b) [[D0, b], J0c
∗J−10 ] = 0 for all b, c ∈ B (first order condition).
Moreover both the operators Γ and γΓ restricts to H0, and γ anticommutes with D0.
Proof. The proof is the same as that of proposition 3.5.
3.3 Real structure and real spectral triples
The construction of a real structure for the triples considered in the previous sections requires
to discuss separately 4 cases. Indeed, if we denote by m the KR-dimension of the triple over
A, and we set j = m− n (so that j should be the dimension of the triple over B) we have four
different situations: j even and n even, j even and n odd, j odd and n even, j odd and n odd.
Before beginning the discussion, we recall here the dependence on the KR-dimension of the
commutation relations between the real structure, the Dirac operator and the Z2-grading. We
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use Connes’ selection1 (see [15, 10]). Given a real spectral triple (A,H, J,D, γ) we say that it is
of KR-dimension j (which we consider always modulo 8) if:
J2 = ε · id,
JD = ε′DJ,
and, for j even,
Jγ = ε′′γJ,
γD = −Dγ,
where ε, ε′, ε′′ = ±1 according to table (3.1).
j even, n even. (A,H, D, J, γ) is an even real spectral triple of KR-dimensionm = j+n. We
extend the triple (B,H0, D0) to an even dimensional real spectral triple (B,H0, D0, j0, γ0) of KR-
dimension j, where j0 and γ0 are defined in the tables below (the restriction of the operators toH0
is always understood). We recall that D0 is the restriction of Dh to H0, where Dh =
1
2
Γ[D,Γ]+,
so that ΓD0 = D0Γ. Also, we recall that, since n is even, Γγ = γΓ.
Table 1: j0 and γ0 for the even-even case
❍
❍
❍
❍
❍
❍
j
n
0 2 4 6
0 J ΓJ ΓJ J
2 J J ΓJ ΓJ
4 J ΓJ ΓJ J
6 J J ΓJ ΓJ
❍
❍
❍
❍
❍
❍
j
n
0 2 4 6
0 γ γΓ γ γΓ
2 γ γΓ γ γΓ
4 γ γΓ γ γΓ
6 γ γΓ γ γΓ
j even, n odd. (A,H, D, J) is an odd real spectral triple of KR-dimension m = j + n.
We turn the triple (B,H0, D0) into an even dimensional real spectral triple (B,H0, D
′
0, j0, γ0) of
KR-dimension j, where γ0 = Γ|H0 and j0, D
′
0 are defined in the tables below
2 (the restriction
of the operators to H0 is always understood). We recall that D0 is the restriction of Dh to H0,
where Dh =
1
2
Γ[D,Γ], so that ΓD0 = −D0Γ.
Table 2: D′0 and j0 for the even-odd case
❍
❍
❍
❍
❍
❍
j
n
1 3 5 7
0 D0 D0 D0 D0
2 D0 ΓD0 ΓD0 D0
4 D0 D0 D0 D0
6 D0 ΓD0 ΓD0 D0
❍
❍
❍
❍
❍
❍
j
n
1 3 5 7
0 ΓJ J2 ΓJ2 J
2 J J ΓJ ΓJ
4 ΓJ J2 ΓJ2 J
6 J J ΓJ ΓJ
1There is another possible choice, see [10].
2In the cases with (j, n) equal to (0, 3), (0, 5), (4, 3) and (4, 5), actually, the real structure j0 does not fulfil
the right commutation relations. Indeed, j2
0
has the wrong sign. For a discussion of this issue see remark 3.9.
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Remark 3.9. We have to spend some words about the cases with (j, n) equal to (0, 3), (0, 5), (4, 3)
and (4, 5). In all these situations, indeed, it is not possible to find a set of operators (D0, j0, γ0)
constructed only using Γ, D and J and fulfilling all the required commutation relations. And
this issue can not be solved changing the commutation relation between J and Γ. Indeed, there
are two possible choices: JΓ = ΓJ and JΓ = −ΓJ . In the first case γ0 = Γ fulfils all the required
commutation relations, but j20 has the wrong sign (that is, j
2
0 = −1 for j ≡ 0 (mod 8) and j
2
0 = 1
for j ≡ 4 (mod 8)). In the second one, instead, it is possible to recover a j0 with the correct
commutation relations, by setting j0 = ΓJ , but then we can not find a suitable γ0 commuting
with j0. We have chosen to adopt the first convention, since it allows to define all the three
operators, even if with j20 with the wrong sign, and, moreover, it appears as the more natural
choice [22]. We conclude this remark with the following observation: the fact that we are not
able to define a j0 fulfilling all the right commutation relations does not mean that such a j0
does not exist, but only that it can not be expressed only in terms of J , D and Γ. ⋄
j odd, n even. (A,H, D, J) is an odd real spectral triple of KR-dimension m = j + n.
We turn the triple (B,H0, D0) into an odd dimensional real spectral triple (B,H0, D
′
0, j0) of KR-
dimension j, where j0 andD
′
0 are defined in the tables below (the restriction of the operators toH0
is always understood). We recall that D0 is the restriction of Dh to H0, where Dh =
1
2
Γ[D,Γ]+,
so that ΓD0 = D0Γ.
Table 3: D′0 and j0 for the odd-even case
❍
❍
❍
❍
❍
❍
j
n
0 2 4 6
1 D0 ΓD0 D0 ΓD0
3 D0 ΓD0 D0 ΓD0
5 D0 ΓD0 D0 ΓD0
7 D0 ΓD0 D0 ΓD0
❍
❍
❍
❍
❍
❍
j
n
0 2 4 6
1 J ΓJ ΓJ J
3 J J ΓJ ΓJ
5 J ΓJ ΓJ J
7 J J ΓJ ΓJ
j odd, n odd. (A,H, D, J, γ) is an even real spectral triple of KR-dimension m = j + n.
We turn the triple (B,H0, D0) into an odd dimensional real spectral triple (B,H0, D
′
0, j0) of KR-
dimension j, where j0 and D
′
0 are defined in the tables below (the restriction of the operators to
H0 is always understood). We recall that D0 is the restriction of Dh to H0, where Dh =
1
2
Γ[D,Γ],
so that ΓD0 = −D0Γ.
Table 4: D′0 and j0 for the odd-odd case
❍
❍
❍
❍
❍
❍
j
n
1 3 5 7
1 D0 D0 ΓD0 ΓD0
3 D0 D0 D0 D0
5 D0 D0 ΓD0 ΓD0
7 D0 D0 D0 D0
❍
❍
❍
❍
❍
❍
j
n
1 3 5 7
1 ΓJ ΓJ J J
3 J ΓJ ΓJ J
5 ΓJ ΓJ J J
7 J ΓJ ΓJ J
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We conclude this section pointing out that, in all the cases discussed above, the real structure
j0 maps the algebra B into its commutant and the triple fulfils the first order condition. Both
properties follow from proposition 3.5 (and from the analogue result in the even dimensional
case, see proposition 3.8).
3.4 D-connections and twisted Dirac operators
We recall some of the results in [12] about a way to twist real spectral triples by a left-module
equipped with a hermitian connection.
Let (B,H, D, J) be a real spectral triple over a (unital) algebra B. Consider another Hilbert
space HM together with a representation of B. Let M be the space of B-linear bounded maps
m : H → HM . Assume that:
(a) HM ≡ M(H) is dense in HM , where M(H) is the linear span of elements m(h), m ∈ M ,
h ∈ H;
(b) the multiplication map from H⊗B M to HM is an isomorphism.
Then using the right B-module structure induced on H by the real structure J , namely
hb ≡ Jb∗J−1h (3.4)
for any h ∈ H and any b ∈ B, one has a left B-module structure on M through:
(bm)(h) = m(hb) ∀m ∈M.
Writing the action of M on the right, that is m(h) ≡ hm, the B-linearity reads
(bh)m = b(hm),
while the left B action on M becomes
h(bm) = (hb)m.
Also, it follows from the order one condition (see e.g. [15]) that there is a right action of Ω1D(B)
on H , given by:
hω = −Jω∗J−1h ∀ω ∈ Ω1D(B), (3.5)
where ω∗ is the adjoint of ω, s.t. ([D, b])∗ = −[D, b∗] and
h[D, b] = D(hb)− (Dh)b.
Such an action is clearly left B-linear. Also, it induces a left action of Ω1D(B) on M and Ω
1
D(B)M
is just the space of all compositions m ◦ ω of left B-linear maps.
Next we adopt from [12] suitable connections (covariant derivatives).
Definition 3.10. We call a linear map ∇ :M → Ω1D(B)M a D-connection on M if it satisfies:
∇(bm) = [D, b]m+ b∇(m), ∀b ∈ B, m ∈M.
Since we are dealing with maps between Hilbert spaces, we have the adjoint m† of m ∈ M ,
and the adjoint η† of a 1-form η ∈ Ω1D(B) (which coincides with η
∗, where the star operation
is extended to forms). Thus we can define the adjoint of an element of Ω1D(B)M simply by
(ηm)† = m†η†. Of course, it will not be an element of Ω1D(B)M , but we do not need this. Now
we can introduce the notion of hermiticity for a D-connection.
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Definition 3.11. A D-connection ∇ is said to be hermitian if, for each m1, m2 ∈M ,
(i) as an operator on H, m†1 ◦m2 ∈ JBJ
−1;
(ii) writing the actions on arbitrary h ∈ H on the right, we have:
h∇(m2)m
†
1 − hm2∇(m1)
† = (Dh)m2m
†
1 −D(hm2m
†
1).
Given a D-connection in [12] certain operator DM is defined over the dense set in HM .
Definition 3.12. Define DM on M(Dom(D)) ⊂ HM by:
DM(hm) = (Dh)m+ h∇(m) ∀m ∈M.
Proposition 3.13. If ∇ is a hermitian D-connection, the operator DM is selfadjoint and has
bounded commutators with B.
Proof. See [12], proposition 4.7.
4 Projectable spectral triples and twisted Dirac opera-
tors
Let (A,H, D, J, γ, {δj},Γ) be a projectable T
n-equivariant real spectral triple, where A is a
principal H(Tn)-comodule algebra, with invariant subalgebra B. Assume that the triple satisfies
the isometric fibres condition. Then the construction discussed in the previous section can be
used to build twisted Dirac operators from the horizontal Dirac operator Dh. The first thing we
need is a suitable notion of connection.
4.1 Operators of strong connection for the Dirac calculus
The Dirac operator of a spectral triple (A,H, D) defines a first order differential calculus Ω1D(A),
given by the linear span of all operators of the form a[D, b], a, b ∈ A, the differential of a being
da = [D, a]. Generalizing [12], we say that Ω1D(A) is compatible with the de Rham calculus on
Tn iff ∑
j
aj [D, bj] = 0 ⇒
∑
j
ajδi(bj) = 0 ∀i = 1, . . . , n.
This compatibility condition is obtained [22] by requiring that A, with the calculus Ω1D(A), is a
quantum principal bundle with general calculus [4], compatible with the de Rham calculus on
the Hopf algebra H(Tn). This allows us to give the following definition of strong connection (see
[22] for the relation between this definition and the ordinary notion of strong connection over a
quantum principal bundle with general calculus [4, 16]).
Definition 4.1. A family of n 1-forms {ωi} ⊂ Ω
1
D(A) is called a strong T
n-connection for the
Tn-bundle A if the following conditions hold:
(i) δj(ωi) = 0 for any i, j = 1, . . . , n;
(ii) if ωi =
∑
j pjdqj, with pj, qj ∈ A, then
∑
j pjδi(qj) = 1 and
∑
j pjδl(qj) = 0 for l 6= i;
(iii) ∀a ∈ A, (da−
∑
i δi(a)ωi) ∈ Ω
1
D(B)A.
A strong Tn-connection {ωi} defines an Ω
1
D(A)-valued strong connection form, in the sense
of [4, 16], by:
ω(zk) =
n∑
k=1
kiωi.
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4.2 Twisted Dirac operators
We exploit strong connections to build twisted Dirac operators. We work with one of the triples
(B,H0, D0, j0) constructed in sect.3 and we take M = A
(k), since it satisfies both the conditions
(a) and (b). First we construct a D0-connection on A
(k).
Proposition 4.2. Let ω be a strong Tn-connection defined by a family {ωi}i=1,...,n ⊆ Ω
1
D(A).
Then, for any k ∈ Zn, the map ∇ω : A
(k) → Ω1D(A)A
(k) defined by
∇ω(a) = [D, a]−
n∑
i=1
kiaωi,
where both a ∈ A(k) and ∇ω(a) are regarded as operators on H0 acting from the right, defines
a D0-connection over the left B-module A
(k), where D0 denotes the restriction of the horizontal
Dirac operator Dh to H0.
Proof. The proof is the same as that of proposition 5.4 in [12].
Proposition 4.3. The D0-connection ∇ω is hermitian if all the ωi are selfadjoint (as operators
on H).
Proof. We have to check (i) and (ii) of definition 3.11. Since we have taken M = A(k) acting on
H0 on the right via ha = Ja
∗J−1h, and since J maps A into its commutant, then (i) is fulfilled.
For what concerns (ii), we proceed by direct computation: let a1, a2 ∈ A
(k) and h ∈ H0; then,
using (3.5), we get:
h
(
∇ω(a2)a
†
1 − a2∇ω(a1)
† − (Dh)a2a
†
1 +D(ha2a
†
1)
)
= h
(
[D, a2]−
n∑
i=1
kia2ωi
)
a†1 − h
(
a2
(
[D, a1]−
n∑
i=1
kia1ωi
)†)
− h[D, a2a
†
1]
= h
( n∑
i=1
kia2(ω
†
i − ωi)a
†
1
)
,
which vanishes if ω†i = ωi.
Now, we can identify, up to completion, H0A
(k) with Hk; then the construction discussed in
the previous section gives us a family of spectral triples (B,Hk, D
(k)
ω ), k ∈ Zn, where each D
(k)
ω
is the twisted Dirac operator constructed using the connection ∇ω on A
(k). Taking Dω to be the
closure of the direct sum of the Dirac operators of this family we obtain a twisted Dirac operator
Dω, acting on (a dense domain of) the whole Hilbert space H.
Proposition 4.4. The twisted Dirac operator Dω is selfadjoint if all the ωi are selfadjoint one-
forms, and it has bounded commutators with all the elements of A.
Proof. We compute the action of Dω on an element hp in its domain, with h ∈ H0 and p ∈ A
(k)
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(we use (3.5) for the right action of one-forms, where J0 stands either
3 for j0 or Γj0):
Dω(hp) = (D0h)p+ h[D, p]−
n∑
i=1
kihpωi
= (D0h)p+ [D, J0p
∗J−10 ]h+
n∑
i=1
J0ω
∗
i J
−1
0 kihp
= D(hp) + ((D0 −D)h)p+
n∑
i=1
J0ω
∗
i J
−1
0 hδi(p)
=
(
D +
n∑
i=1
J0ω
∗
i J
−1
0 δi − Z
′
)
(hp).
(4.1)
Now, the Dirac operator D and the derivations δi are selfadjoint, Z and ω are bounded and
selfadjoint; moreover, any δi is relatively bounded with respect to D. Then, by Kato-Rellich
theorem, Dω is selfadjoint on H.
Next, D has bounded commutator with each a ∈ A and, since any ωi is a one-form, from
the first order condition (which holds also for the triple (B,H0, D0), see proposition 3.5) the
commutator of the second term with a is
∑
i J0ω
∗
i J
−1
0 δi(a) and hence is bounded. The third term
of (4.1) gives commutators between bounded operators, since Z is bounded, and thus it gives
only bounded terms. Therefore [Dω, a] is bounded for each a ∈ A.
Proposition 4.5. Let Dv be as in definition 3.4. Define
Dω = Dv +Dω.
Then (A,H,Dω) is a projectable spectral triple with isometric fibres, and the horizontal part of
the operator Dω coincides with Dω.
Proof. See proof of proposition 5.8 in [12].
As in [12] we introduce the following notion of compatibility.
Definition 4.6. We say that a strong connection ω is compatible with a Dirac operator D if
Dω and Dh coincide on a dense subset of H.
5 Spin geometry of principal Tn-bundles
In this section we shall show that, under suitable hypotheses, the classical Tn-bundles satisfy (as
they should) the assumptions, and possess all the structures, discussed above in the noncom-
mutative setup. Let M be an (m + n)-dimensional oriented compact smooth manifold that is
the total space of a principal Tn-bundle over the m-dimensional oriented manifold N = M/Tn.
Assume that M , N are Riemannian manifolds, with metric tensors, respectively, g˜ and g such
that:
- the action of Tn is isometric w.r.t. g˜;
- the bundle projection π :M → N is an orientation preserving Riemannian submersion;
3If D′
0
- see tables in the previous section - is simply D0 then we take J0 = j0; if, instead, D
′
0
= ΓD0, we take
J0 = Γj0.
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- the fibres are isometric one to each other; moreover, the length of each fundamental vector
field Ka is constant along M .
Denoting by {Ta}a=1,...,n the canonical basis of the Lie algebra of T
n, we assume each Ka to be
the fundamental vector field associated to Ta. The last assumption could be weakened (as in the
case of U(1) bundles [1, 2]) but such a more general situation would be more difficult to treat in
the noncommutative case, and won’t be considered here.
Under these assumptions, there is a unique principal connection 1-form ω : TM → tn such
that kerω is orthogonal to the fibres, at any point of M , with respect to the metric g˜. If
{Ta}a=1,...,n is the canonical basis of the Lie algebra of T
n, then ω will be of the form
ω =
n∑
a=1
ωa ⊗ Ta,
where each ωa is a C-valued 1-form on M . Next, for any vector field X on N we shall denote by
X˜ its horizontal lifting. Consider now a (local) oriented orthonormal frame f = {f1, . . . , fm} on
N . Then, if we set {
ea =
1
la
Ka a = 1, . . . , n,
ej+n = f˜j j = 1, . . .m,
where lj are real positive constants, then e = {ek}k=1,...,n+m is a (local) orthonormal frame on M
(oriented with respect to a suitably chosen orientation).
Assume now that M is a spin manifold, and let ΣM be its spinor bundle. We also assume
the Tn action lifts to an action Tn × ΣM → ΣM , in which case we shall speak of projectable
spin structure. A projectable spin structure on M induces a spin structure on N (this is a
straightforward consequence of the analogue property for the U(1) case [2]). Then the Dirac
operator D˜, acting on L2-sections of ΣM , will be the following one:
D˜ =
n+m∑
i=1
γi∂ei +
1
4
n+m∑
i,j,k=1
Γ˜kijγ
iγjγk,
where the γj are the gamma matrices, associated to the orthonormal frame {ej}, generating the
action of the (n + m)-dimensional Clifford algebra and Γ˜kij are the Christoffel symbols of the
Levi-Civita connection on TM for the frame {ej}. Using the letters a, b, c... to denote indices
from 1 to n and the letters i, j, k... to denote indices from n+ 1 to n +m, we have:
Γ˜kij = Γ
k
ij ,
−Γ˜aij = Γ˜
j
ia = Γ˜
j
ai =
la
2
dωa(ei, ej),
Γ˜aib = Γ˜
a
bi = Γ˜
i
ab = Γ˜
a
bc = 0,
where the Γkij are the Christoffel symbols of the Levi-Civita connection on TN , with respect to
the frame f . Before going on, we notice that the Lie derivative with respect to each Killing
vector field differs from the spinor covariant derivative by:
∇ea = ∂ea +
la
4
∑
j<k
dωa(ej, ek)γ
jγk.
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Now we want to express the Dirac operator D˜ as a sum of two first order operators plus a zero
order term. The first operator, which we shall call the vertical Dirac operator, is given by:
Dv =
n∑
a=1
1
la
γa∂Ka =
n∑
a=1
γa∂ea .
In order to construct the second operator we split the Hilbert space L2(ΣM) into irreducible
representations of Tn:
L2(ΣM) =
⊕
k∈Zn
Vk.
Next, for simplicity we discuss only the case when both m and n are even, the other cases can
be obtained in a similar way. For any k ∈ Zn consider the irreducible representation on C with
weight k of Tn and form the associated complex bundle Lk = M ×Tn C. Moreover, endow it with
the connection iω. Let Σm denote the m-dimensional spinor representation.
Proposition 5.1. For each k ∈ Zn there is an isomorphism
Qk : L
2(ΣN ⊗ Lk)⊗ Σm → Vk
such that the horizontal covariant derivatives, with respect to the vector fields f˜i, are given by
∇f˜iQk(ψ) = Qk(∇fiψ) +
n+m∑
j=n+1
n∑
a=1
la
4
dωa(ei, ej)γ(Ka/la)γ(ej)Qk(ψ).
Moreover, Clifford multiplication is preserved, i.e.
Qk(γ(X)ψ) = γ(X˜)Qk(ψ).
Proof. We can write ΣM = SM×Spin(n+m)Σn+m and ΣN = SN×Spin(m)Σm where SM , SN are,
respectively, the principal Spin(m+ n)- and Spin(m)-bundles defining the spin structures of the
two manifolds and Σn+m, Σn are the canonical spin representations of the spin groups. Then,
since we assumed both m and n even, we have: Σn+m = Σn ⊗Σm. Then the proposition follows
by direct computations, cfr. the proof of lemma 4.4 in [2].
Then one can see, by direct computation, that, if we define the horizontal Dirac operator, on
each Vk, by
Dh = Qk ◦ (D ⊗ id) ◦Q
−1
k ,
where D is the (twisted) Dirac operator on ΣN ⊗ Lk, then Z = D˜ − Dv − Dh is a zero order
operator, which takes the form
Z = −
1
4
n∑
a=1
laγ(Ka/la)γ(dωa).
Now, it is clear that with Γ = γ1γ2 . . . γn, where γa, a = 1, . . . , n are the gamma matrices as-
sociated to the (vertical part) of the orthonormal frame {ej}, (C
∞(M), L2(Σ), D˜) is a projectable
spectral triple in our sense, and Dh comes as above. Next, with Dv and Z as above the fibres
are isometric. Moreover, identifying the usual differential (de Rham) calculus with the Dirac
calculus Ω1
D˜
(C∞(M)), we observe that the connection ω is of course strong (as is any connection
in the usual sense) and that it is compatible with the Dirac operator D˜. In addition ω is also
compatible with the the Dirac operator Dω = Dv +Dω (which however corresponds to a metric
connection possibly with nonzero torsion).
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6 Noncommutative tori. Example of T3θ as quantum prin-
cipal T2-bundle
Noncommutative tori are most studied examples of noncommutative spaces (see e.g. [15], chapter
12) on the topological, smooth and metric level. The underlying algebra A = A(Tkθ) of the k-
dimensional noncommutative torus is generated by n unitaries U1, . . . , Uk with the relations
UiUj = e
2piθijUjUi,
where θ = (θij) is an k × k skewsymmetrix real matrix. Of course, for θ = 0, we recover the
coordinate algebra of the usual k-torus Tk.
There is an action of Tk on A(Tkθ) which on the Lie algebra level is given by the commuting
derivations
δi(Uj) = δijUj . (6.1)
where δ1, . . . , δk are standard generators of tk = Lie(T
k).
Next on the Hilbert space H = L2(Tkθ , τ) ⊗ C
2[k/2], where τ is the usual trace on A(Tkθ) and [ ]
denote the integer part. The standard Dirac operator is defined by the formula
D =
m+n∑
j
γjδj ,
where the 2[n/2] × 2[n/2] gamma matrices are irreducible representations of the Clifford algebra
Cl(m+ n), and the derivations δj have been implemented on H (via commutators).
We observe that using (part of) this action any (n +m)-dimensional noncommutative torus
can be viewed as a principal Tn-bundle over an m-dimensional noncommutative torus. Indeed,
the last m generators, U1, . . . , Un, of T
n+m
θ generate the noncommutative torus T
m
θ′ , where θ
′ is
the m × m lower–right block submatrix of θ. The algebra A(Tmθ′ ) is indeed just the invariant
subalgebra B = (A(Tn+mθ ))
coH of the coaction ∆R of H = H(T
n) on A(Tn+mθ ), defined by
∆R(Uj) = Uj ⊗ zj j ≤ n,
∆R(Un+j) = Un+j ⊗ 1.
Of course it is the same as invariant subalgebra of the action of Tn:
β : Uj 7→ zjUj j ≤ n,
β : Un+j 7→ Un+j.
The Dirac differential calculus Ω1D(T
n+m
θ ) coincides with the so called derivative based calculus
and can be easily seen to be compatible with the de Rham calculus on Tn, (which in fact is also
isomorphic to the Dirac calculus on Tn).
Moreover Tn+mθ is a T
n quantum principal bundle in our sense and we can give explicit formula
for arbitrary strong connection (for the Dirac calculus).
Proposition 6.1. ω : H → Ω1D(T
n+m
θ ) is a strong connection form iff for any k ∈ Z
n,
ω(zk) =
n∑
i=1
m∑
j=1
kibij ⊗ γ
j +
n∑
i=1
ki ⊗ γ
m+i, (6.2)
with bij ∈ T
m
θ′ .
15
Moreover it can be shown that the standard spectral triple (with the ’flat’ Dirac operator)
on A is projectable and the horizontal Dirac operator is again the standard Dirac operator on
B. One can discuss also the twisted Dirac operators and the compatibility issue. This was
accomplished for the case of U(1) = T1-bundles in [12] and [13]. Here we shall describe next
simplest case of T2-bundle.
6.1 T3θ as a quantum principal T
2-bundle over T1
We specify now m = 1 and n = 2, so the invariant subalgebra B is simply the algebra generated
by U3, and hence it is isomorphic to trigonometric polynomials generated by z and z
−1. As
mentioned before B →֒ A is a quantum principal T2-bundle in our sense (i.e. A is a principal
H(T2)-comodule algebra).
We consider now the following spectral triple over A [20]. Let Hτ denote the GNS Hilbert
space associated to the usual trace τ on A. Set H = Hτ ⊗C
2. Next, define a Dirac operator by:
D =
3∑
j=1
σjδj ,
where the σj are the Pauli matrices. The real structure J can be defined as follows: if J0 is the
Tomita-Takesaki involution on Hτ and c.c. denotes the complex conjugation on C
2 with respect
to the standard basis of C2, then we define
J = J0 ⊗ (iσ
2 ◦ c.c.).
Then (A,H, D, J) is an odd real spectral triple, of KR-dimension 3, on A. It is straightfor-
ward to check that it is T2-equivariant [20]. Moreover, the Dirac calculus Ω1D(A) is easily seen
to be compatible with the de Rham calculus on T2. Next, we have the following result.
Proposition 6.2. (A,H, D, J) is a projectable spectral triple, with isometric fibres. Moreover,
the operator Γ can be taken equal to ±σ3.
Proof. Take Γ = σ3 (the proof is the same for Γ = −σ3). Then Γ2 = 1, Γ∗ = Γ and it commutes
both with the representation of A and with the derivations δ1, δ2. Moreover, since σ
2σ3 = −σ3σ2
and J0σ
3 = σ3J0, we have: JΓ = −ΓJ . Hence Γ satisfies all the requirements of definition 3.3.
It follows that (A,H, D, J) is a projectable T2-equivariant real spectral triple.
Next, according to the definitions in sect. 3, the horizontal Dirac operator is given by:
Dh =
1
2
Γ[D,Γ]+ = σ
3δ3.
It follows that D = Dh +Dv, where Dv = σ
1δ1 + σ
2δ2; hence (A,H, D, J) enjoys the isometric
fibres property, with Z = Z ′ = 0.
Now let H0 denote the common 0-eigenspace of δ1 and δ2. According to the results of the
previous sections, we set D0 = Dh|H0 and D
′
0 = ΓD0. Then the real structure j0 is given by the
restriction of ΓJ to H0. In particular, j0 = (J0 ⊗ (σ
1 ◦ c.c.))|H0 . Then (B,H0, D
′
0, j0) is a real
spectral triple of KR-dimension 1.
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6.2 Twisted Dirac operators
Now we can twist the horizontal Dirac operator Dh. We begin by working out a general form for
strong T2-connections over A.
Lemma 6.3. Any selfadjoint strong T2-connection over A, in the sense of definition 4.1, is
defined by two selfadjoint 1-forms ω1, ω2 ∈ Ω
1
D(A) of the form
ω1 = σ
1 + σ3ω31,
ω2 = σ
2 + σ3ω32,
with ω3i = (ω
3
i )
∗ ∈ B.
Proof. Any 1-form η ∈ Ω1D(A) can be written in the following way: η =
3∑
j=1
σjηj , with ηj ∈ A.
Hence we write for i = 1, 2,
ωi =
3∑
j=1
σjωji ,
with ωji ∈ A. Imposing condition (i) of definition 4.1 we obtain that each ω
j
i has to belong
to B. Next noticing that each σj corresponds to the (universal) 1-form U−1j dUj, the condition
(ii) implies that ωji = δij (for i, j = 1, 2). Finally, all the ω
j
i must be selfadjoint, since we are
requiring the strong connection to be selfadjoint.
For k ∈ Z2, let now A(k) denote the subalgebra of A of homogeneous elements of degree k.
Then the connection ω allows us to define a D0 connection on each A
(k):
∇ω : A
(k) → Ω1D(A)A
(k),
∇ω(a) = [D, a]−
2∑
i=1
kiaωi.
By direct computation we obtain then, for any a ∈ A(k), that:
∇ω(a) = σ
3δ3(a)− k1σ
3aω31 − k2σ
3aω32.
Before computing the twisted Dirac operator Dω, we recall the following fact: the real structure
we shall use here is j˜ = Γj0 = J (see the proof of proposition 4.4). Then, from equation (4.1),
we obtain:
Dω = σ
3δ3 − σ
3Jω31J
−1δ1 − σ
3Jω32J
−1δ2.
Thus if ω31 = 0 = ω
3
2, D is compatible with ω. Another “three-dimensional” Dirac operator Dω
can be obtained simply adding Dv to Dω, it however in a sense corresponds to a connection
possibly with torsion.
Notice that the spectral triple (A,H, Dω) is not irreducible. Indeed, σ
3 commutes with A
and with D. The reason for this is that the triple (B, H0, D0) is reducible: it is the direct sum of
two copies (with opposite orientation) of the canonical spectral triple over the circle S1. This is
an expected phenomenon: indeed, in the classical (commutative case), passing from dimension
3 to dimension 1, the rank of the spinor bundle decreases and so each fibre of the spinor bundle
on the total space splits as a direct sum of (two) representations of the 1-dimensional Clifford
algebra.
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Remark 6.4. Dω is the twist of the horizontal Dirac operator Dh; that is, of the operator D0
(given in sect. 3.3). Instead the twist of the operator D′0 can be obtained simply multiplying Dω
by Γ.
7 Theta deformations
We can combine the results of last two sections to construct a theta deformation of spectral
triples on principal Tn-bundles. If M is as in sect. 5 with m ≥ 2, then there is a Rieffel
deformation quantization Mθ [18] by ’gluing a noncommutative torus’ along the action α of T
m,
and this extends to α-equivariant spectral triples over M [9]. We briefly recall an equivalent but
more ‘functorial’ realization [8] of the theta deformed spectral triple (C∞(Mθ),Hθ, Dθ). Up to a
‘splitting’ isomorphism
C∞(Mθ) ≈
(
C∞(M)⊗̂C∞(T2θ)
)α⊗β−1
, (7.1)
Hθ :=
(
L2(M,Σ)⊗̂L2(T2θ)
)α⊗β−1
and Dθ is the closure of D⊗ I, where on the right hand sides we have the fixed point subalgebra
or submodule of the action α⊗ β−1 of Tm and ⊗̂ denotes a suitable completion of ⊗. Similarly
the antilinear charge conjugation operator J can be theta-deformed as
Jθ = J ⊗ ∗.
As shown in [8] the spectral triple (C∞(S3θ ),Hθ, Dθ) together with the real structure Jθ satisfies
all additional seven axioms of Connes required for a ’noncommutative manifold’.
It is also not difficult to verify that the theta deformation (sometimes called ’twisting’) be-
haves ’functorially’ under the maps between manifolds (in particular under bundle projection)
and respects the properties of principal Tn-bundles. We give now more details of these affirma-
tions. For simplicity we assume that the action of the structure group Tn coincides with the
isometric action on M of the first factor in Tn × Tm = Tn+m, thus the quotient manifold N
still carries an isometric action of the second factor Tm. The theta deformation Mθ constructed
with the (n+m)× (n+m) matrix θ of parametrers is then a principal Tn-bundle over the theta
deformation Nθ′ constructed with the m×m matrix θ
′, where θ′ is the m×m lower–right block
submatrix of θ. The right action of Tn on Mθ is just α ⊗ id and the bundle inclusion Nθ →֒ Mθ
reads p∗ ⊗ id, where p∗ is the pullback bundle projection p : M → N .
The spectral triple (Mθ,Hθ, Dθ) is projectable, with Γθ = Γ ⊗ id and (Dθ)h is just Dθ′.
Moreover Ω1Dθ(Mθ) is compatible with the de Rham calculus on T
n and the requirements (a-b)
in section 3.4 can be seen to be satisfied. Finally, (ωθ)i := ωi ⊗ 1 is a connection in the sense of
definition 4.1 compatible with Dθ, if ωi is a connection compatible with D.
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